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Kaluza–Klein reduction on a maximally non-Riemannian space is moduli-free
Kyoungho Cho,∗ Kevin Morand,† and Jeong-Hyuck Park ‡
Department of Physics, Sogang University, 35 Baekbeom-ro, Mapo-gu, Seoul 04107, Korea
We propose a novel Kaluza–Klein scheme which assumes the internal space to be maximally non-
Riemannian, meaning that no Riemannian metric can be defined for any subspace. Its description
is only possible through Double Field Theory but not within supergravity. We spell out the cor-
responding Scherk–Schwarz twistable Kaluza–Klein ansatz, and point out that the internal space
prevents rigidly any graviscalar moduli. Plugging the same ansatz into higher-dimensional pure
Double Field Theory and also to a known doubled-yet-gauged string action, we recover heterotic
supergravity as well as heterotic worldsheet action. In this way, we show that 1) supergravity and
Yang–Mills theory can be unified into higher-dimensional pure Double Field Theory, free of moduli,
and 2) heterotic string theory may have a higher-dimensional non-Riemannian origin.
I. Introduction
Kaluza–Klein theory attempts to unify General Relativ-
ity and electromagnetism into higher-dimensional pure
gravity. Yet, the (aesthetically unpleasing) cylindrical
extra dimension brings along an unwanted additional
massless scalar field, i.e. radion or graviscalar modulus,
which is not observed in nature: it would spoil the Equiv-
alence Principle by appearing on the right-hand side of
the geodesic equation. This moduli stabilization prob-
lem is essentially rooted in the fact that there is no nat-
ural scale in pure gravity which would fix or stabilize
the radius of the cylinder. The problem persists in mod-
ern string compactifications, in view of the arbitrary size
and shape of an internal space (mani/coni/orbifold, com-
pact or not). Turning on fluxes or non-perturbative cor-
rections might promise to solve the problem, but such
scenarios require generically subtle analyses regarding
both the validity of the effective-field-theory approxima-
tion and calculational control [1] (c.f. [2] and references
therein for related current controversies).
In this paper we propose a novel Kaluza–Klein scheme
to unify Stringy Gravity and Yang–Mills (including
Maxwell), which postulates a non-Riemannian internal
space and consequently does not suffer from any mod-
uli problem. By Stringy Gravity, we mean the string
theory effective action of the NS-NS (or purely bosonic)
closed-string massless sector, conventionally represented
by the three fields, {gµν , Bµν , φ}. They transform into
one another under T-duality and hence form a (reducible)
O(D,D) multiplet [3, 4]. Furthermore, within the frame-
work of Double Field Theory (DFT) initiated in [5–9],
O(D,D) T-duality becomes the manifest principal sym-
metry and the effective action itself is to be identified
as an integral of a stringy scalar curvature beyond Rie-
mann. The whole closed-string massless NS-NS sector
may then be viewed as stringy graviton fields consisting
of the DFT-dilaton, d, and the DFT-metric, HAB [10].
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The latter satisfies two defining properties:
HAB = HBA , HACHBDJCD = JAB , (1)
where JAB =
(
0 1
1 0
)
is the O(D,D) invariant constant
metric which can freely raise and lower the O(D,D) vec-
tor indices, A,B, · · · (capital letters). A pair of symmet-
ric projection matrices are then defined,
PAB =
1
2 (JAB +HAB) , P¯AB = 12 (JAB −HAB) , (2)
while their ‘square roots’ give twofold DFT-vielbeins,
PAB = VA
pVB
qηpq , P¯AB = V¯A
p¯V¯B
q¯ η¯p¯q¯ , (3)
which satisfy their own defining properties,
VApV
A
q = ηpq , V¯Ap¯V¯
A
q¯ = η¯p¯q¯ , VApV¯
A
q¯ = 0 , (4)
or equivalently [11]
VA
pVB
qηpq + V¯A
p¯V¯B
q¯η¯p¯q¯ = JAB . (5)
Here ηpq and η¯p¯q¯ are local Lorentz invariant metrics char-
acterizing the twofold spin groups which have dimensions
Tr(P ) and Tr(P¯ ) separately. They are distinguished by
unbarred and barred small letter indices.
The above stringy graviton fields constitute the diffeo-
morphic DFT-Christoffel symbols [12–14],
ΓCAB = 2
(
P∂CPP¯
)
[AB]
+ 2
(
P¯[A
DP¯B]
E
− P[A
DPB]
E
)
∂DPEC
−4
(
PC[APB]
D
PF
F−1
+
P¯C[AP¯B]
D
P¯F
F−1
)(
∂Dd+ (P∂
EPP¯ )[ED]
)
,
and, consequently with ∇A := ∂A + ΓA, twofold local
Lorentz spin connections [15–17],
ΦApq = V
B
p∇AVBq = V Bp
(
∂AVBq + ΓAB
CVCq
)
,
Φ¯Ap¯q¯ = V¯
B
p¯∇AV¯Bq¯ = V¯ Bp¯
(
∂AV¯Bq¯ + ΓAB
C V¯Cq¯
)
.
(6)
2These connections form covariant curvatures, Ricci and
scalar [13, 17], of which the latter can be constructed as
S(0) = (P
ACPBD − P¯AC P¯BD)SABCD ,
G(0) = FABpqV ApV Bq + 12ΦApqΦApq ,
G¯(0) = F¯ABp¯q¯V¯ Ap¯V¯ Bq¯ + 12 Φ¯Ap¯q¯Φ¯Ap¯q¯ ,
(7)
where, with RCDAB = ∂AΓBCD + ΓACEΓBED − (A↔ B),
SABCD :=
1
2
(
RABCD +RCDAB − ΓEABΓECD
)
,
FABpq := ∇AΦBpq −∇BΦApq +ΦAprΦBrq − ΦBprΦArq ,
F¯ABp¯q¯ := ∇AΦ¯Bp¯q¯ −∇BΦ¯Ap¯q¯ + Φ¯Ap¯r¯Φ¯Br¯q¯ − Φ¯Bp¯r¯Φ¯Ar¯q¯ .
While S(0) coincides exactly with the well-known expres-
sion of scalar curvature written in terms of d,HAB [18],
S(0) =
1
8HAB∂AHCD∂BHCD + 12HAB∂CHAD∂DHBC
−∂A∂BHAB + 4HAB(∂A∂Bd− ∂Ad∂Bd) + 4∂AHAB∂Bd ,
the other two accommodate the vielbeins and read [19]
+G(0) = 12S(0) + 2∂A∂Ad− 2∂Ad∂Ad+ 12∂AVBp∂AV Bp ,
−G¯(0) = 12S(0) − 2∂A∂Ad+ 2∂Ad∂Ad− 12∂AV¯Bp¯∂AV¯ Bp¯ .
(8)
Clearly their differences would vanish upon the section
condition, ∂A∂
A ≡ 0, but they provide precisely the
known ‘missing’ pieces in the Scherk–Schwarz reduction
of DFT while relaxing the section condition on the
internal space, as previously added by hand in [20–23].
Hence, the above vielbein formalism generates these
crucial terms in a natural manner. In particular,
G(0)− G¯(0) matches the action adopted in [22]. Below
we focus on computing +G(0) and −G¯(0) separately in
higher dimensions with the Scherk–Schwarz twisted
non-Riemannian Kaluza–Klein ansatz.
II.Moduli-free non-Riemannian Kaluza–Klein ansatz
With Dˆ = D′ +D, the DFT Kaluza–Klein ansatz [14]
breaks O(Dˆ, Dˆ) into O(D′, D′)×O(D,D) and takes the
form:
Hˆ = exp
[
Wˆ
]

 H
′ 0
0 H

 exp
[
WˆT
]
, Jˆ =

 J
′ 0
0 J

 .
(9)
In our notation, hatted, primed, and unprimed symbols
refer to the ambient, internal, and external spaces respec-
tively. In particular, the ambient doubled coordinates
split into the internal and external ones as
zAˆ = (yA
′
, xA) , ∂
Aˆ
= (∂A′ , ∂A) . (10)
In (9), Wˆ is an off-block-diagonal so(Dˆ, Dˆ) element which
satisfies
Wˆ Jˆ + Jˆ WˆT = 0 , (11)
and takes the form,
Wˆ =

 0 −W
c
W 0

, W cA′A := WAA′ = JABJ ′A′B′WBB′ ,
(12)
where the 2D × 2D′ block, WAA′ , should meet [24]
WA
A′WAB
′
= 0 , WAA′∂A = 0 . (13)
This condition sets half of the components to be trivial,
truncates the exponential,
exp
[
Wˆ
]
= 1 + Wˆ + 12Wˆ
2 ,
and makes the above ansatz consistent with the ordinary
Kaluza–Klein ansatz in supergravity. Moreover, crucially
for the purpose of the present work, the ansatz (9) can ac-
commodate non-Riemannian geometry in which the Rie-
mannian metric cannot be defined, see [14] for classifica-
tion and [25–27] for earlier examples including the attain-
ment of the Gomis-Ooguri non-relativistic string [28, 29].
Henceforth, we focus on a specific internal space of
which the DFT-metric is fully O(D′, D′) symmetric and
maximally non-Riemannian, namely (D′, 0) type as clas-
sified in [14]:
H′A′B′ ≡ J ′A′B′ . (14)
In general, from the defining relations (1), the infinitesi-
mal variation of any DFT-metric should satisfy
δH′ = P ′δH′P¯ ′ + P¯ ′δH′P ′ . (15)
Meanwhile, the particular choice of the internal
space (14) implies P ′ = J ′ and P¯ ′ = 0. Thus, the fluctu-
ation must be trivial: no graviscalar modulus can be gen-
erated and the non-Riemannian internal space is rigid,
δH′A′B′ = 0 . (16)
In fact, (14) sets the “twofold” internal spin group to be
O(D′, D′)×O(0, 0), such that the coset structures of the
internal and the ambient DFT-metrics, H′, Hˆ, are ‘triv-
ial’ and ‘heterotic’ respectively, if H is Riemannian (27),
O(D′,D′)
O(D′,D′)×O(0,0) = 1 ,
O(Dˆ,Dˆ)
O(D′+1,Dˆ−1)×O(D−1,1) .
(17)
3The latter has dimension D2 + 2DD′, which matches the
total degrees of the external DFT-metric, HAB (27), and
the gravivector, WA
A′ (13) [30], c.f. [31].
The corresponding DFT-vielbeins are [14]
Vˆ
Aˆpˆ
=exp
[
Wˆ
]

 V
′
A′p′ 0
0 VAp

 , ˆ¯VAˆ ˆ¯p=exp
[
Wˆ
]

 0
V¯Ap¯

 ,
(18)
where V ′A′p′ is now an invertible ‘square’ matrix,
V ′A′p′V
′
B′
p′ = J ′A′B′ .
III. Reduction to heterotic DFT
Before inserting the ansatz (9), (18) into the ambient
scalar curvatures (8), or Gˆ(0), ˆ¯G(0) (all hatted), we per-
form a Scherk–Schwarz twist over the internal space.
Following [19], we introduce a twisting matrix, UA˙
A′(y),
which depends on the internal coordinates only and is an
O(D′, D′) element satisfying
UA˙
A′UB˙
B′J ′A′B′ = J˙A˙B˙ , (19)
where J˙A˙B˙ coincides with J ′A′B′ numerically: both are
O(D′, D′) invariant constant metrics. Essentially the
twist converts all the primed indices to dotted ones,
WA
A′(z) = WA
A˙(x)UA˙
A′(y) , V ′A
′
p′(z) = V˙
A˙
p′(x)UA˙
A′(y) ,
(20)
where now V˙A˙p′ V˙B˙
p′ = J˙A˙B˙. We further put
dˆ(z) = λ(y) + d(x) , VAp(x) , V¯Ap¯(x) , (21)
such that the external fields are independent of the in-
ternal coordinates: ∂A′d = 0 , ∂A′VBp = 0 , ∂A′ V¯Bp¯ = 0 .
Finally, we impose the standard section condition on
the external space, ∂A∂
A = 0, and the twistability con-
ditions on the internal space separately [22],[19]:
∂A′λ− 12U A˙A′∂B′UA˙B
′
= 0 , f[A˙B˙
E˙fC˙]D˙E˙ = 0 ,
(22)
where fA˙B˙C˙ = 3
(
∂B′U[A˙
A′
)
UB˙
B′UC˙]A′ which we require
to be constant.
After straightforward yet tedious computation – as-
sisted by a computer algebra system [32] and through
intermediate expressions like (4.14) in [19] – we obtain
our main result: with the above Scherk–Schwarz twisted
Kaluza–Klein ansatz substituted, the higher-dimensional
scalar curvatures (8) reduce precisely to (c.f. [22, 33–38])
+2Gˆ(0) = −2ˆ¯G(0) + 13fA˙B˙C˙f A˙B˙C˙ ,
−2ˆ¯G(0) = S(0) − 14HACHBDFABA˙FCDA˙
− 112HADHBEHCFωABCωDEF
+ 12HADHBEHCFωABCH[DG∂EHF ]G ,
(23)
where we set Yang–Mills and Chern–Simons terms,
FAB
C˙ = ∂AWB
C˙ − ∂BWAC˙ + fA˙B˙C˙WAA˙WBB˙ ,
ωABC = 3W[A
A˙∂BWC]A˙ + fA˙B˙C˙WA
A˙WB
B˙WC
C˙ ,
(24)
of which theO(D,D) indices are totally skew-symmetric,
FAB
C˙ = F[AB]
C˙ , ωABC = ω[ABC], and further from (13),
FABC˙∂A = 0 , ω
ABC∂A = 0 . (25)
The higher Dˆ-dimensional diffeomorphisms generated
by the standard DFT Lie derivative give rise, with
a twisted parameter, ξˆAˆ = (ΛA˙UA˙
A′ , ξA), to the
D-dimensional diffeomorphisms plus Yang–Mills gauge
symmetry, c.f. [19, 22],
δWA
A˙ = ξC∂CWA
A˙ +
(
∂Aξ
B − ∂BξA
)
WB
A˙
+∂AΛ
A˙ + f A˙B˙C˙WA
B˙ΛC˙ ,
δHAB = ξC∂CHAB + 2∂[AξC]HCB + 2∂[BξC]HAC
+
(
W[A
A˙∂C]ΛA˙
)HCB + (W[BA˙∂C]ΛA˙)HAC ,
δd = ξC∂Cd− 12∂CξC .
(26)
In each transformation above, the first line with ξA is
the (external) diffeomorphic DFT Lie derivative and the
second with ΛA˙ is the (internal) Yang–Mills gauge sym-
metry. In fact, every single term in (23) is (external)
diffeomorphism-invariant [39].
It is worth while to note the only difference be-
tween 2Gˆ(0) and −2ˆ¯G(0): the former contains a DFT-
cosmological constant term [13], 13e
−2dfA˙B˙C˙f
A˙B˙C˙ , but
the latter does not. As anticipated in [36, 40], our re-
sult (23) is manifestly symmetric for O(D,D) as well as
any subgroup of O(D′, D′) which stabilizes the structure
constant, fA˙B˙C˙ .
Finally, if we adopt the well-known Riemannian
parametrization of the DFT-metric,
HAB =

 g
−1 −g−1B
Bg−1 g −Bg−1B

 , e−2d = √−ge−2φ ,
(27)
and solve both the external section condition, ∂A∂
A = 0,
and (13), by letting ∂A = (∂˜
µ, ∂ν) ≡ (0, ∂ν) and WAA˙ ≡
(0,WνA˙), our main result (23) reproduces the heterotic
supergravity action [41, 42], up to total derivatives,∫
−2e−2dG¯(0)
=
∫√−ge−2φ(R +4∂µφ∂µφ− 112H˜λµνH˜λµν− 14FµνC˙FµνC˙
)
,
(28)
4where
H˜λµν = 3∂[λBµν] − ωλµν , (29)
which is invariant under the Yang–Mills gauge symme-
try (26), or specifically in components,
δWµ
A˙ = ∂µΛ
A˙ + f A˙B˙C˙Wµ
B˙ΛC˙ , δBµν = W[µ
A˙∂ν]ΛA˙ .
However, we have not pinned down the gauge group to
be either E8 × E8 or SO(32). Further, as the starting
scalar curvatures (8) are at most two-derivative, our
final result (23) lacks the higher-derivative gravitational
Chern–Simons term [43], c.f. [44–46].
IV. Reduction to heterotic string
Henceforth we discuss the worldsheet aspect of the DFT
background (9) involving the maximally non-Riemannian
internal space. The analysis of the string propagating
on the most general non-Riemannian background was
carried out in [14], with the conclusion that string be-
comes generically (anti-)chiral. To review this and ap-
ply it to the current non-Riemannian background (9),
we recall the doubled-yet-gauged string action [47], [25]
(c.f. [27, 48, 49]),
Sstring =
1
4πα′
∫
d2σ Lstring , (30)
which contains a generic DFT-metric,
Lstring = − 12
√
−hhαβDαzAˆDβzBˆHˆAˆBˆ − ǫαβDαzAˆAβAˆ .
With ambient doubled coordinates, zAˆ = (z˜µˆ, z
νˆ), and
an auxiliary gauge potential, AαAˆ, a covariant derivative
is introduced,
Dαz
Aˆ := ∂αz
Aˆ −AαAˆ , AαAˆ∂Aˆ = 0 . (31)
While this action is completely covariant with respect
to the desired symmetries like O(D,D) T-duality, Weyl
symmetry, and worldsheet as well as target-spacetime
diffeomorphisms, it also realizes concretely the assertion
that doubled coordinates in DFT are actually gauged and
each gauge orbit in the doubled coordinate system corre-
sponds to a single physical point [50]. Specifically, with
the choice of the section, ∂
Aˆ
= (∂˜µˆ, ∂νˆ) ≡ (0, ∂νˆ), the
condition on the auxiliary gauge potential (31) is solved
by AαAˆ = (Aαµˆ, 0). Therefore, half of the doubled coor-
dinates, namely the tilde coordinates, are gauged,
Dαz
Aˆ =
(
∂αz˜µˆ −Aαµˆ , ∂αzνˆ
)
.
Upon the Riemannian background (27), the auxiliary
gauge potential appears quadratically in the action (30).
Then after integrating it out, one recovers the standard
undoubled string action with gµν and Bµν . On the
other hand, upon a generic non-Riemannian DFT back-
ground which is characterized by two non-negative inte-
gers, (n, n¯), the components of the auxiliary field, AαAˆ,
appear linearly for n and n¯ directions, playing the role
of Lagrange multipliers. Consequently, string becomes
chiral and anti-chiral over the n and n¯ directions respec-
tively [14].
Now, for the present non-Riemannian background (9),
in accordance with the decomposition of the ambient
space (10), we put yA
′
= (y˜µ′ , y
ν′) for the internal dou-
bled coordinates, xA = (x˜µ, x
ν) for the external ones,
and Wµ
A′ = (Wµν′ , W˜µ
ν′) for the gravivector. Further,
for the ambient gauge potential, AαAˆ = (AαA′ ,AαA),
we set the internal and the external ones as AαA′ =
(Aαµ′ , 0) and AαA = (Aαµ, 0). With this preparation
and (9), (27), the string action (30) becomes quadratic
in the combination of the gauge potential components,
Aαµ − W˜µµ′Aαµ′ , and linear in Aαµ′ . Hence, the for-
mer leads to a Gaussian integral and the latter plays the
role of a Lagrange multiplier. After all, the doubled-
yet-gauged string action (30) reduces to 12πα′
∫
d2σ LHet,
with
LHet = − 12
√−hhαβ∂αxµ∂βxνgµν + 12ǫαβ∂αxµ∂βxνBµν
+ 12ǫ
αβ(∂αy˜µ′ + ∂αx
µWµµ′ )(∂βy
µ′ + ∂βx
λW˜λ
µ′)
+ 12ǫ
αβ(∂αx˜µ −WµA′∂αyA′)∂βxµ .
(32)
Furthermore, ∂αy
µ′ + ∂αx
µW˜µ
µ′ must be chiral :
(
hαβ + 1√−hǫ
αβ
)(
∂βy
µ′ + ∂βx
µW˜µ
µ′
)
= 0 . (33)
Especially when the gravivector,Wµ
A˙, is trivial, the sec-
ond and third lines in (32) merge into a known topological
term, 12ǫ
αβ∂αz˜µˆ∂βz
µˆ [47, 51], while (33) gets simplified
to make the internal coordinates chiral:
yµ
′
(τ, σ) = yµ
′
(0, τ + σ) . (34)
This implies – at least classically [14, 26] – that a
closed string subject to a periodic boundary condition
cannot vibrate in the internal space. In summary,
upon the DFT background (9) with the maximally
non-Riemannian internal space and trivial gravivector,
the external fields, xµ, are described by the usual
string action corresponding to the first line in (32), and
consist of the equal number of left-moving and right-
moving sectors. On the other hand, the internal fields,
yµ
′
, become all chiral, which agrees with the rigidity (16).
V. Conclusion
The maximally non-Riemannian DFT background spec-
ified by the DFT-metric, H′A′B′ = J ′A′B′ (14), is singled
out to be completely O(D′, D′) symmetric and rigid: it
does not admit any linear fluctuation, δH′A′B′ = 0 (16),
5nor graviscalar moduli, and the coset structure is triv-
ial (17). It is the most symmetric vacuum in DFT.
For the DFT Kaluza–Klein ansatz, (9) and (18), we
set the internal space to be maximally non-Riemannian,
performed a Scherk–Schwarz twist (20), (22), and com-
puted the ambient higher (D′ + D)-dimensional DFT
scalar curvatures, +Gˆ(0) and − ˆ¯G(0) (8), which lead to the
O(D,D)-manifest formulation of the non-Abelian het-
erotic supergravity (23). Only the former, +Gˆ(0), contains
a DFT-cosmological constant. In this way, supergrav-
ity and Yang-Mills theory can be unified into a higher-
dimensional pure Stringy Gravity, free of moduli.
Plugging the same non-Riemannian Kaluza–Klein
ansatz (9) into the doubled-yet-gauged string action (30)
may reproduce the usual heterotic string action,
1
2
∫
Σ
(−√−hhαβgµν + ǫαβBµν)∂αxµ∂βxν + ǫαβ∂αz˜µˆ∂βzµˆ ,
with chiral internal coordinates,
(
hαβ + ǫ
αβ√−h
)
∂βy
µ′ = 0.
This is indeed the case when the Yang–Mills sector is
trivial. Therefore, heterotic string theory may have a
higher-dimensional origin with non-Riemannian internal
space.
Our analyses have been focused on the bosonic sectors,
both on the target-spacetime and on the world-sheet.
Inclusion of fermions is highly desired, c.f. [16, 17, 27].
We also leave the exploration of the worldsheet aspect
of the somewhat mysterious ‘relaxed’ section condition
designed for the Scherk–Schwarz twist [19–23] for future
work with nontrivial gravivector, WA
A′ 6= 0, for the
action (32). Uplift of the Standard Model of particle
physics coupled to DFT [24] to higher dimensions
(bottom-up) would be also of interest, as well as appli-
cations to string compactifications (top-down), possibly
on other types of non-Riemannian internal spaces [52].
Note added.
Motivated by the first version of this work on arXiv,
Berman, Blair, and Otsuki explored non-Riemannian
geometries in M-theory [53]. In particular, they pointed
out that the maximally non-Riemannian E8 background
naturally realizes the topological (hence ‘moduli-free’)
phase of Exceptional Field Theory [54].
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